A crucial question recently raised in climate dynamics concerns abrupt climate transitions: Are they due to a tipping point (TP) being exceeded, or is fast noisy dynamics the cause of their excitation? In this respect, a case study based on a low-order ocean model is developed to show that in an excitable dynamical system perturbed by noise (a possible climate condition) the TPs may have limited physical meaning, with the coherence resonance mechanism being predominant. The analysis is based on an operational definition of stochastic TP, which accounts for the effect of noise and reconciles formally the TP and coherence resonance views.
In the study of the basic mechanisms that have produced, and can possibly produce in the future abrupt transitions to different climate states, the concept of "tipping point" (TP) has recently become central. In the representation of the Earth's climate as a deterministic, dissipative dynamical system (DS), a TP is basically synonymous of "bifurcation," which denotes any structural change of the system response occurring when (in a codimension-1 bifurcation) a control parameter γ passes a threshold γ 0 . Lenton et al. [1] identify a series of subsystems of the climate called "tipping elements" that are potentially policy relevant (e.g., the Arctic sea ice, the Greenland and Antarctic ice sheets, the Atlantic thermohaline circulation, etc.), and analyze their respective TPs and threats. The possibility that early-warning signals preceding TPs can be detected from a time series analysis is considered in Refs. [2] [3] [4] [5] [6] by taking into account that a DS experiences slowing down when a critical point is approached, which implies an increase in both autocorrelation and variance due to the fluctuation-dissipation theorem.
An assumption implied in those analyses is that fast "noisy" fluctuations due to both internal dynamics and external forcing (and periodic forcing, if present) are perturbations that do not shift substantially the TP and transition modality. Although this may hold for some tipping elements of the climate system, such a minor effect of noise was questioned by Ditlevsen and Johnsen [7] , with specific reference to the abrupt Dansgaard-Oeschger (DO) warming events of the last glacial period. No sign of increased autocorrelation and variance was found prior to the transitions in a high-resolution ice core record, so Ref. [7] concluded that the DO events are rather noise induced (see also Ref. [8] ), with very limited predictability. Thompson and Sieber [9] also noted that, in general, a premature transition can be induced by random disturbances. This raises the general question of whether deterministic TPs leading to abrupt transitions are physically meaningful when the system is perturbed by noise.
In connection to this crucial problem, the analysis of abrupt transitions in random DSs is worth investigating. In particular, it would be desirable to extend to those systems the concept of TP by incorporating the effect of noise in a single stochastic parameter. In this respect, an operational * stefano.pierini@uniparthenope.it definition of stochastic TP (STP) in an excitable DS perturbed by noise (a DS likely to be quite common in climate dynamics) is proposed herewith. A case study is then developed based on a low-order ocean model, and the analysis of the corresponding STPs is carried out. Before discussing the model results, the concepts of relaxation oscillation (RO), excitable dynamical system (ES), and coherence resonance must first be recalled.
A RO is a highly nonlinear intrinsic mode of the system that manifests itself through a fast relaxation phase and subsequent slow destabilizing dynamics. The fundamental relevance of this concept in paleoclimate is discussed by Crucifix [10] , who reviews model studies in which glacial-interglacial cycles of the late Pleistocene and DO events are interpreted in terms of ROs. The pronounced sawtooth time structure of proxy data, with an abrupt warming relaxation phase for both the ice ages (in particular, the last four glacial cycles) and for DO events is in favor of the RO hypothesis. In particular, the extremely sharp transition in the last glacial termination [11] and the impressive similarity of the various DO abrupt warming phases [cf. Fig. 4(b) of Ref. [12] ] are in support of their RO structure. On a much smaller (decadal) time scale, the Kuroshio Extension low-frequency variability (e.g., Ref. [13] ) was interpreted by Pierini [14] (see also Ref. [15] ) as a RO by following a modeling approach that makes use of a timeindependent double-gyre wind forcing [16, 17] .
In autonomous DSs in which self-sustained ROs arise past a TP (typically a global-homoclinic or heteroclinic-bifurcation), the same oscillations are latent in the phase space even before the transition [10] , so that a suitable noise can excite them in some parameter range preceding the TP, where the system is therefore said to be "excitable" [18] . This was shown to be the case for the Kuroshio Extension ROs in Refs. [19, 20] , with the consequent occurrence of the so-called coherence resonance [18, 21] , an extension of the classical stochastic resonance [22] to ESs without periodic forcing. It is worth noting that ESs are recently found to include ramped systems, in which excitation arises when a control parameter undergoes a sufficiently fast rate of ramping, as shown by Wieczorek et al. [23] in the context of the climate-carbon cycle problem with global warming. The deterministic TPs in an ES are now considered in general, and their stochastic counterparts are then introduced. A definition of stochastic bifurcation points in random DSs can be found in Ref. [24] ; here, an alternative, operational definition is proposed that is suitable for nonlinear model studies for which analytical methods are hardly applicable, especially if noise is present, in which case the bifurcation structure of the system can only be inferred by performing many numerical forward time integrations with different values of the control parameters (e.g., Refs. [15, 20] ).
Let us consider a generic autonomous DS that depends on a set G of parameters and that is excitable, i.e., is such that ROs emerge spontaneously in some parameter range. Let γ ∈ G be the control parameter of our analysis and let g = G \ {γ } denote the set of the remaining parameters. Let us then define n RO (γ,g,T ) as the number of ROs emerging in a forward integration of temporal length T starting from vanishing initial conditions. A deterministic TP, expressed in terms of γ , is defined as
In other terms, for a given set of parameters g, if γ < γ 0D , no ROs emerge for t ∈ [0,T ], while for γ exceeding γ 0D at least one self-sustained RO emerges in the same interval [ Fig. 1(a) ]. Now, let us suppose that the same system is perturbed by a stochastic forcing and/or fast internal dynamics, characterized by a set S of parameters. In this case the transition to a state in which ROs can be noise induced is described here by introducing the STPs defined by the random variable 0S whose realizations γ 0S are defined as
where nowñ RO (γ,g,S,T ) are realizations of the random variable N RO (γ,g,S,T ) defined as above. In general, any realization γ 0S is expected to be γ 0S < γ 0D [ Fig. 1(b) ], because the noise can excite the system in some range with γ < γ 0D for which the autonomous system remains unexcited, while it cannot prevent excitation when ROs emerge spontaneously. A way to characterize the STPs (that will be used later) is to evaluate the ensemble averages 0S and N RO as functions of two control parameters {s 1 ,s 2 } ⊂ S of the stochastic forcing, while keeping the values of g, s = S \ {s 1 ,s 2 }, and T fixed. Let us now consider the oceanic case study and its bifurcation structure. The ocean system was inspired by the studies on the Kuroshio Extension low-frequency variability [14, 19] , and is described by a low-order double-gyre excitable ocean model based on the evolution equation of potential vorticity in the quasigeostrophic reduced-gravity approximation [20] . The Galerkin projection of the original equations retains only four modes, X(t) = (W,X,Y,Z), satisfying the (dimensionless) nonlinear coupled ordinary differential equations:
(for the definition of L, J, and f, see Ref. [20] ). In the wind forcing [right-hand side of (3)], f is time independent, γ is a normalized climatological wind amplitude, and
where ε is a dimensionless number and ζ is a red noise satisfying the Ornstein-Uhlenbeck equation [second expression in (4), in which ξ is a Gaussian white noise with zero mean and unit variance,χ 1,2 are positive constants, and σ ζ is the rms of ζ ].
The autonomous version of (3) (ε = 0) was analyzed in Ref. [20] in terms of the control parameter γ for a set g of parameters corresponding to a typical oceanic case study, which is the same adopted here. The bifurcation diagram in Fig. 2 is obtained by performing a large number of forward integrations starting from vanishing initial conditions, and shows the range of variability of W (after spin-up) as a function of γ . A first Hopf bifurcation is found at γ = 0.348 (outside the diagram); the global bifurcation [corresponding to the deterministic TP according to (1) ] occurs at γ = γ 0D = 1 thanks to a suitable normalization of f. Figure 3 . The range of W after spin-up is plotted vs γ (with ε = 0). The limit cycles corresponding to the three vertical segments are shown in Fig. 3(a) . examples of orbits in the W -Y and X-Z planes. The black and gray lines denote limit cycles preceding the TP, whereas the thick gray lines show a periodic homoclinic RO departing substantially from the phase-space region of the unstable saddle point (homoclinic chaos eventually emerges for γ > 1.35, with the RO structure remaining basically unaltered). The duration of each oscillation ranges from 5 to 10 yr before the global bifurcation and increases up to 15 yr after it. Pierini [20] noticed that such a RO possesses interesting features that define a low-order prototype of intrinsic oceanic double-gyre RO, since it has a bimodal character, presents both zonal and meridional undulations of the western boundary current extension about a basic double-gyre structure, and occurs for periods that are basically in agreement with the real oceanic data (with particular reference to the Kuroshio Extension).
The STPs are now analyzed. The most salient feature of an ES [ Fig. 1(b) ] is that, as already mentioned, ROs are structured in phase space even for values of γ that are well below γ 0D . In view of this, the first step is to check whether, for model (3) with ε = 0, appropriate initial conditions exist that produce transient ROs in some parameter range γ < 1 (in Ref. [19] , Sec. 3 therein, such an analysis was performed for the primitive equation ocean model of Ref. [14] ). Figure 3(b) shows the evolution with γ = 0.94 of initial conditions (gray dots) obtained from a run starting from rest with γ = 1.02 [thick gray lines of Fig. 3(a) ]. A transient RO does emerge that is basically the same as that with γ = 1.02, but since γ = 0.94 precedes the TP, the orbit is eventually attracted by the black limit cycle. This clearly evidences that the RO is latent in phase space before the global bifurcation, therefore the system presumably can be excited if an appropriate perturbation is applied, such as a suitable stochastic noise. A noise with ε = 0.1 and with a decorrelation time T s = 0.1 yr is unable to excite the system [ Fig. 4(a) ], but if T s is increased to T s = 2 yr [ Fig. 4(b) ] coherence resonance does occur.
At this point the question is as follows: How can one efficiently characterize the stochastic forcing that is able to excite the system? Here we proceed by using the stochastic generalization of TPs presented above. STPs are analyzed by means of the random variables 0S and N RO and of their ensemble averages as functions of (s 1 ,s 2 ) = (ε,T S ). The ensemble is composed of ten realizations γ 0S (ε,T S ) and n RO (γ,ε,T S ) obtained from (3) with g and s as in Ref. [20] and with T = 400 yr. Each realization is obtained by choosing a different seed number in the random routine used to compute ξ in (4), a RO is identified when W passesW = 40 (as in Ref. [20] ), and ε, T S , and γ vary within the ranges ε ∈ [0,0.25], T S ∈ [0.02,5 yr], and γ ∈ [0.7,1] on an 18 × 18 × 18 grid. Figure 5 (a) shows 0S : In the limiting case ε = 0 the STPs reduce to the deterministic TPs for which 0S = γ 0D = 1. For T S smaller than T S ∼ 0.2 yr, 0S remains very close to the deterministic TP, whereas for larger values of T S it increases almost linearly with ε and is almost independent on T S , passing from 1 to ∼0.75 for ε = 0.25 (the two cases of Fig. 4 can be easily located in the map). Figure 5(b) shows the rms of 0S : Its increase with ε is due to the corresponding increasing variance of the forcing. Other relevant information is provided by N RO as a function of γ . In our framework, passing the TP insures that at least one RO arises in T , but it is also essential to know the number of ROs actually emerging, from which the mean temporal distance between two ROs (the so-called activation time) can be derived. experience to reach the deterministic TP is comparable to the noise amplitude needed to make the current value of γ the average STP. Since in this case γ G(t) occasionally exceeds the deterministic threshold γ = 1, one might conjecture that coherence resonance occurs at times when γ G(t) > 1, with the random DS behaving as an adiabatically changing autonomous DS under time-dependent forcing. On the other hand, a detailed time series analysis for various parameter values (not shown) demonstrates that, although this sometimes appears to be the case, the excitation mechanism is more often a much more complex phenomenon, involving in many cases the rate of change of G, similarly to the results of Ref. [23] .
In conclusion, an operational definition of STPs in an ES is introduced so that the transition from a RO-free state to a state in which ROs arise can be treated in the autonomous DS and in the corresponding random DS in ways that are formally equivalent. This approach is then applied to an oceanic conceptual model to show that the deterministic TPs of an autonomous ES may have limited physical meaning when the system is perturbed by fast noise dynamics, as it is likely to be the case in explosive transitions of the Earth's climate. If early-warning signals preceding the transition exist in these kinds of DSs, they are expected to be different from those based on the deterministic DS paradigm. It should finally be noted that studying systematically 0S and N RO , as done here, is not computationally feasible for comprehensive climate models (the statistics presented in this report has required 10 × 18 3 = 58 320 time integrations of 400-yr length each), but it will be possible for the many idealized climate models capable of simulating abrupt transitions.
